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Integral equations are obtained for problems of the elastic equilibrium of a spatial wedge, weakened by
a planar strip cut located in the median half-plane of the wedge, for different boundary conditions on
the faces of the wedge. A known normal load, which is symmetrical about the plane of the cut is applied
to the edges of the cut. In the case when the cut reaches the edge of the wedge, the solution of the
problem using the method of paired integral equations reduces to Fredholm integral equations of the
second kind with symmetric kernels. The possibility of the cleavage of the wedge along an edge [1] is
shown. A simple formula which is convenient for applications is found for the normal stress intensity
factor at one end of the cut. Calculations for various wedge aperture angles are carried out using this
formula.

The problem of a cut in the form of a strip in a homogeneous infinite space or an infinite space
which is deformed according to a power law has previously been studied [2]. Problems of
cracks in a planar wedge have been treated using a Mellin integral transformation [1, 3}. A
Fourier-Kontorovich-Lebedev integral transformation in the complex plane has been employ-
ed in the case of a spatial wedge [4-7].

1. Consider a three-dimensional elastic wedge with an aperture angle 2o (O<a<m) in a
cylindrical system of coordinates r, ¢, z with the z-axis directed along an edge of the wedge.
There is a strip-shaped cut in the median half-plane of the wedge ¢=0 which occupies a
domain Q: {0<r=<b, |zi<eo}. The cut exists in an expanded state under the action of a load
o, =—q(r, z), =10, (r, z)€Q which is periodic with respect to z with a period of 2/. It is
assumed that the faces of the wedge are either free from stresses (problem (a)), lie in a
frictionless state on a rigid base (a slipping fixing, problem (b)) or are rigidly clamped
(problem (¢)). It is required to find the shape of the expansion of the cut u, = f(r, z) ¢ =10, (r,
z) €Q, whereupon it is possible to determine the normal stress intensity factor. We shall
subsequently study only the domain 0< ¢ <aq, as the problem is symmetrical with respect to ¢.
The boundary conditions in this domain can be written in the form

0=0: T,=17,=0 u,=0 ()& Q@ 6,=-4g(r,2) (r.2)e Q 1)

O=0: (a) Oy =Ty =Tg =0, (D)uy=1,=1,,=0, (C)u, =uy=u,=0

For simplicity, we shall assume that the function g (r, z) is even with respect to z and can be
represented in terms of a Fourier series. It then suffices to solve the problem for the case

q(r.z)=q(r)cosPz, P=mnn/l 12)
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914 D. A. Pozharskii

and to construct a superposition of the solutions obtained for different values of n=1 as well
as of the solution of the problem of the planar deformation of a wedge (n=0) [3].

On finding the three harmonic functions in the Papkovich-Neuber representation in the
form of Fourier-Kontorovich-Lebedev integrals in the complex plane [4, 5], we reduce the
problem to an integral equation in f(r)

(f(r,z)= f(r)cosPz)

b —
J FOOK(rx)dc= =Y (), 0= r<b (13)
0

schins/2)
W, (s)

2 % wushmu
|

Kir,x)=
nrx o ch(nu/?2)

K (Br)[1-(1-2v)Al ]{ K, (ﬂx)} du (14)

(a) m=1

A (g(5)) =Z l«(u,ng(s)dwzifv‘zl—((% B {g(s))} +

+ch ™ T“f shryg, (y)sh(ms / 2)W,y(s)g(s)
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o0

Bi{g(s)} = X (1-2V)" (A1)« C'(g(s) (15)
Wo(s) ds
W, (s)
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Here G is the shear modulus, v is Poisson’s ratio and I is the identity operator. It follows
from the proposition, which was proved in [5] for an integral operator A} that the operator
series B! in formula (1.5) only converges in the space of continuous functions C,(0, ) which
are bounded on the semiaxis if v>0.053 for any angle o.

Lemma 1. The kernel of integral equation (1.3) satisfies the symmetry condition: K (r,
x)=K(x, r).

Lemma 1 is obvious in the case of problems (b) and (c) since the function K(r, x) when
m=12, 3, can be represented in the form

"
xW,, (u)

K(rax)"“ I Sthm(Br)Km(ﬁx)[ “(1”2V)gm{u)]du

In the case of problem (a), the validity of Lemma 1 is established by an analysis of each term
of the Neumann series which occurs in formula (1.5), permutation of the integrals and a change
of the variables of integration.

In the case of problem (b), we find, when o =, that [8, pp. 786, 984, 986]

. 2
K(rx) = —— | u* chmuk, (Br)K, {ﬁx)du--%(‘L*B:Z)Ko{mf—xi} a7
Q

Rerx dr*

The kernel of (1.7) corresponds to a problem of a strip-shaped cut in an infinite space [2].
When o=mr/2 in the case of problem (b), on calculating the quadratures as in (1.7), we
obtain the kernel of integral equation (1.3) in the form

K(r,x)= —-ZL ?uz(chm - DK, (Br)K,, (Bx)du =
nrx g
= ~;(-**f52) [KoBlr—xD+ Ko(B(r+x))] (1.8)

which corresponds to the symmetric problem of two identical strip-shaped cuts in infinite
space.

In the case of a problem concerning a strip-shaped cut perpendicular to a boundary of a

stress-free half-space (problem (a) when o =n/2), we obtain a kernel in the form (the series in
powers of (1 — 2v) is truncated)

K{r,x)= %—52; :}’:{uz chmu—u® - 2&4},"&{{3}')&,‘ (Bx)du +

8(1 2v)B i = ch{mu/ 2)ch(ny/2)| u
0 chru+ch ny

[ " ]K;u (Br)K;, (Bx)dudy -

_l16(1-2v)*p? 777 chow! 2)ch(my/ 2)ch?(ne/2)

n? ooo (chme+chmu)(chns+chmy)

S S (i 1] 12
-‘R(drz B]Ko(ﬂlr x)- [( ) -1]><

& 6B%rx 4 2
X (—5—{—5 ) Ks(ﬁ{r-i-x}}-»—-——-—x(r_Fx)z KO{B(r+x))+—1;(i-2v)§3 [KoBr+x)-

K, (Br)K,, (Bx)dudyd: =

(19)

—E(r+x)(Xl(B(r+x))-—ﬁ { Kg(r}d:)]——(l 2vy?p? °f ?Kg(z)dzd:
{r+x) Blr+xy ¢
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Formulae (1.9) can be obtained from formulae (1.14) in [9].

When B — 0, the integral equations (1.3) reduce to the integral equations of the corres-
ponding planar problems for a wedge [3].

We also note that the solution of Eq. (1.3) must obey the condition f(b)=0.

2. The following theorem plays an important role in the derivation and solution of the
integral equations (1.3)—(1.6).

Theorem. The operators I—-(1-2v)A; : Cy(0, ) —>C,(0, «) (m=1, 2, 3), defined by
formulae (1.5)-(1.6), have inverses which are equal to

W) pu_ W) o,

-1
I-(1-2v)A“]" =1+B:, B'=
[1-a-2v)a4] B T

B;,2,3 = il(l - 2V)" (Ag,zj )", A; {g(s)}= TLi (u,5)g(s)ds @1
" 0
Lous)=2ch Zsh B w, (5] shng, (1)t
2 2 o (chmt + ch mu)(ch n + chms)

when the inequality

a- 22)

i <1
* CM(O.N)

is satisfied.

The proof of this theorem, which is obvious when m=2, 3 (the inversion of a Neumann
series) and in the case when m=1 (the inversion of a combination of two Neumann series) is
based on the solution of the following auxiliary problem using an integral Fourier-—
Kontorovich-Lebedev transformation (3(x) is a delta-function)

Q=0/2: Tpy=Ty =0; uy=38(r-x)8(z|-y)
2.3)
Q=-0/2: Gy =T, =Ty =0
as well as on the well-known connection (see [10], for example) between contact problems and
problems of the crack theory. Here, we note that an operator B} of the form of (2.1) occurs in
the kernel of integral equation (2.1) of the contact problem (a) from [7].
Investigations {5-7] have shown that inequality (2.2) is satisfied for angles a=mnn/12
(n=1,2,...,12), as a rule, for all values of v which are encountered in practice.
To solve integral equation (1.3), we employ the method of paired [dual] integral equations
{11]. Let us introduce the function

shmuW_(u) sch(ns/2) b f(x)
=2\ (1= A¥ K. dx
Q(u) Ch( u/2) [l (1 2V) m]{ ‘VM(S) ({ x lS(B‘x) } (24)

Then, by the theorem formulated above, we can express the function from (2.4) as

_ 2 =shnuW, (u) «1 | Q(s)ch(ms/2) . d 25
fx)= J ) 1+B,,,] {——shmw,,,(s) }K.u(ﬁx) u (2.5)

Let us write a paired integral equation which is equivalent to Eq. (1.3)

2

n°l-v
K. du = —
w(Bridu =—-—=

ZQ(u) Wu(u) rqg(r), 0=sr<b

m
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7 Shuly, @) [1+ 3,’;]{—-——-—‘2(“)"“(” d 2)} Ky, Br)du=0, b<r<o (26)
o ch(mu/2) shnsW, ()

We will seek the solution of Eq. (2.6) in the form
Q(u) = N(u) + M(u)

N@u) = -——sh1tuW (u)jq(r)Km(Br)dr
G Q@7

32 -
M@= _(3) shruW, (u) [@(t)Re Ky+m Br)d:
n b 2

On introducing the representation (2.7) into (2.6), we satisfy the first equation of (2.6)
identically [11]. The second equation of (2.6) is transformed to a Fredholm integral equation of
the second kind in the function ¢(f)

o)+ T(p(s)R(s,t)ds =F(t), bst<o (2.8)
b

R(s,t)= 2—5 zsh nu[( W, (u)-cth uu)Re K}gm Bs)+

W, (u)
ch(ru/2) ™

1-v shnuW shnuW, (u) u ny
F(t)= \/— B5 |y L2 ]{ch Ja(oK, (Bx)dx}ReK via (B

B: {h 2 ReKyﬂy(ﬁs)}ReK o (BY)du 29

Lemma 2. The kernel of integral equation (2.8) of the form of (2.9) is symmetrical, that is,
R(s, )=R(, s).

This lemma, the proof of which is analogous to the proof of Lemma 1, enables one to use the
Hilbert-Schmidt theory [12] to investigate Eq. (2.8).

It can be shown that the condition f(b)=0 is satisfied in the case of a function f{x) of the
form of (2.5) and (2.7).

It follows from formulae (2.5) and (2.7) and the fact that K, (0)=n=du) that the behaviour
of the function f(x) on the edge of a wedge (x — 0) depends on the value of the limit limsh
W, (w=A (u—0, m=1, 2,3). In the case of problem (b) when a == (an infinite space) and
problem (c) for any a, we have that A = f(0)=0. In the remaining cases A #0, f(0) =0, that is,
there is a cleavage of the elastic wedge along an edge.

The method of mechanical quadratures using the Gaussian quadrature formula is effective
in the numerical solution of Eq. (2.8). Tables of the functions K,,,,,(x) which are available [13]
facilitate its use. When the functions R(s, ) and F(z) are calculated using formulae (2.9) instead
of summation of the Neumann series for B,, it is more convenient to solve the corresponding
Fredholm integral equations of the second kind by the method of mechanical quadratures.

The problem has an exact solution in case (a) for a=1n when R(s, 1) =0.

The normal stress intensity factor when r=»5 referred to cosPz can be found using the
formula

Ky =~ tim [Vr=5q(r)] (210)

b
Q(T)=1—G—vjf(x)K(r,x)dx, r>b (2.11)
Vo
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Separating out the smooth part of the kernel X(r, x) in (2.11) in the form of (1.7), using
formulae (2.5) and (2.7) and integrating by parts, we finally obtain

2Go(h)
K =——+"—
v (2.12)

where ¢(?) is the solution of Eq. (2.8).
In order to carry out an actual calculation, we introduce the following dimensionless
quantities

4 ’ ’ 4 ’ K
‘ x’=;, B’ = Bb, f(x)=%’ q(r)=q—(Gr—), K'=«/ZIG andsoon  (2.13)

The results of calculations of the quantity K;/q using (2.12) and (2.13) for different values of
B’ are given below in the case of problem (a) when a=mn/8, v=03, ¢'(+")=g=const

n 1 2 3 4 5 6 7
p=1 3.20 1.28 0.747 0.554 0519 0.493 0.482
p=2 2,29 0.790 0.478 0.403 0.395 0.387 0.383
p=3 1.37 0,481 0.352 0.327 0.325 0323 0.322

I wish to thank V. M. Aleksandrov for his interest.
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